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Abstract
Conserved currents and related superpotentials for perturbations on arbitrary back-
grounds in the Lovelock theory are constructed. We use the Lagrangian based field-
theoretical method where perturbations are considered as dynamical fields propagating
on a given background. Such a formulation is exact (not approximate) and equivalent
to the theory in the original metric form. From the very start, using Noether theorem,
we derive the Noether-Klein identities and adopt them for the purposes of the current
work. Applying these identities in the framework of Lovelock theory, we construct con-
served currents, energy-momentum tensors out of them, and related superpotentials
with arbitrary displacement vectors, not restricting to Killing vectors. A comparison
with the well known Abbott-Deser-Tekin approach is given. The developed general
formalism is applied to give conserved quantities for perturbations on anti-de Sitter
(AdS) backgrounds. As a test we calculate mass of the Schwarzschild-AdS black hole
in the Lovelock theory in arbitrary D dimensions. Proposals for future applications
are presented.
1
1 Introduction
The popularity of the Lovelock theory [1] has steadily risen over the last two-three decades.
Most of the attention has been paid to constructing black hole solutions of different kinds and
to studying stability and thermodynamic properties of such solutions, see, for example, [2–5]
and numerous references therein. For a study of cosmological solutions in the framework
of the Lovelock theory see, for example, [6]. The main goal of the present paper is to give
a formalism for constructing conserved quantities in the Lovelock theory that can be an
effective tool for analyzing such solutions, sometimes exotic ones.
In the current work, we develop a construction of conserved quantities for perturba-
tions on a fixed background in the framework of the programm started in [7–9] for the
Einstein-Gauss-Bonnet (EGB) gravity. The program presents three approaches simultane-
ously. They are 1) canonical method based on a direct application of the Noether theorem,
for 4-dimensional general relativity (4D GR) see [10]; 2) Belinfante symmetrization method,
for 4D GR see [11]; 3) field-theoretical method that we apply here.
The field-theoretical approach begins from the linearization in metric perturbations of the
gravitational equations. All the other terms are replaced to the right hand side and treated
as an effective energy-momentum, which is a source for the linear part (see, for example,
the book [12]). This construction has been represented in the form of the exact (without
approximation) Lagrangian based field theory for metrical perturbations by Deser on flat
backgrounds [13] and anti-de Sitter (AdS) backgrounds [14]. His model was further developed
for arbitrary curved backgrounds (including non-vacuum ones) in our works [15–17] with
constructing currents and superpotentials including arbitrary displacement vectors (not only
Killing ones) [18, 19], and many applications have been provided; for a review see chapters
2 - 4 in the book [20]. In the present paper, we use namely the Lagrangian based method,
the main advantage of which is the possibility to apply the Noether theorem in the standard
way.
All the three approaches are based on the well known form of conservation laws, where a
conserved current is expressed through a divergence of a related superpotential. In literature,
as a rule, the main attention is paid to constructing superpotentials. They give a possibility
to describe global characteristics of physical systems such as conserved charges, quasi-local
quantities [21], etc. Following this necessity, in [7], we have suggested superpotentials of
all the three aforementioned kinds in the EGB gravity in the most general form. They
are constructed for arbitrary perturbations on arbitrary curved backgrounds, with arbitrary
displacement vectors, in the exact form.
Currents, unlike superpotentials, describe local properties of physical systems. However,
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to the best of our knowledge, local characteristics usually are described by energy-momentum
tensors (or pseudotensors) only. As a rule, it is not enough, at least, if perturbations are
propagated in a curved non-vacuum background spacetime. Thus, one needs to construct
conserved covariant currents for perturbations. A structure of such currents has to permit to
take into account background effects, to calculate angular momenta, etc. With regards to the
EGB gravity, already, in [9], we have constructed the currents of the two types, canonical and
Belinfante corrected ones, corresponding to the superpotentials of the related types in [7].
These new conserved quantities in EGB gravity have been tested and applied [7–9] as well.
To continue the program it is necessary to construct currents of the third type that is
in the framework of the field-theoretical approach for perturbations in the EGB gravity. In
the book [20] we have suggested general principles for constructing such currents. Here, we
develop them in detail. Moreover, in the present paper, we construct conserved currents and
superpotentials in the most general form in the Lovelock theory of an arbitrary order [1]. The
EGB gravity is a particular case. To test the new expressions for conserved quantities we
calculate the mass of the Schwarzschild-AdS black hole in the Lovelock theory in arbitrary
D dimensions.
The paper is organized as follows. In section 2, we present the main properties of the
Lagrangian based field-theoretical reformulation of an arbitrary metric theory. In section
3, making the use of the Noether theorem, we derive the Noether-Klein identities [22] and
adopt them for a direct application in the field-theoretical formulation of the Lovelock the-
ory. In section 4, the results of section 3 are used to construct conserved currents, energy-
momentum tensors and related superpotentials in the framework of the Lovelock theory in
a general form without structured expressions. In section 5, we concretize expressions for
currents and superpotentials in the Lovelock theory for perturbations on arbitrary curved,
both vacuum and non-vacuum, backgrounds. In section 6, we present currents and superpo-
tentials for the Lovelock theory for perturbations on AdS backgrounds and calculate mass of
the Schwarzschild-AdS black hole. In section 7, we discuss the obtained results, stress and
accent their advantages with respect to other approaches and announce future applications.
Below, in the remainder of this section, we introduce primary notations:
- ψA, PB, . . . - sets of tensor densities of arbitrary ranks and weights with the collective
indices A, B, . . . in a piggyback notation;
- ψ¯A - the “bar” above ψA means a background value of ψA;
- tσ
µ,mσ
µν , . . . - notations in calligraphic boldface for small letters, if they represent quan-
tities of mathematic weight +1. For example, tσ
µ could be a density expressed with the use
of the tensor tσ
µ: tσ
µ =
√−g¯tσµ, or tσµ could be a density itself, etc;
3
- L, Uσµ, . . . - the capital calligraphic letters denote geometric quantities of weight +1 anal-
ogously to previous item;
- ξα and ξ¯α - arbitrary displacement vectors and Killing vectors, respectively, in a spacetime;
- gµν and g¯µν - the dynamical and background metrics;
- g = det gµν and g¯ = det g¯µν - the determinants of dynamical and background metrics;
- the indices of tensor fields on the physical manifolds or on the background manifolds are
lowered and raised with the use of gαβ or g¯αβ and their inverses, respectively;
- Rρασβ and R¯
ρ
ασβ , Rαβ and R¯αβ , and R and R¯ - the Riemannian, Ricci tensors and the
Ricci scalars in physical and background spacetimes, respectively;
- ∂ψA/∂xα = ∂αψ
A = ψA,α - the partial derivative;
-∇αψA and ∇¯αψA - the covariant derivatives of ψA compatible with gµν and g¯µν , respectively;
- the Lagrange derivative of the quantity ψA = ψA(qB; qB,α; q
B
,αβ) is
δψA
δqB
=
∂ψA
∂qB
− ∂α
(
∂ψA
∂qB,α
)
+ ∂α∂β
(
∂ψA
∂qB,αβ
)
;
- ψA
∣∣α
β
is a permutation linear operator depending on the transformation properties of ψA,
for example, for the tensor density ψA = tσ
µ one has tσ
µ|γβ = −tσµδγβ + tσγδµβ − tβµδγσ ;
- £ξψ
A = −ξαψA,α + ξβ,α ψA
∣∣α
β
- the Lie derivative of the quantity ψA along ξα.
2 The Lagrangian based field-theoretical approach in
metric theories
In the present section, following [15, 16], we present the main properties of the Lagrangian
based field-theoretical method in metric theories, which are used in the current paper. Con-
sider a D-dimensional metric theory with the Lagrangian:
L(ga,ΦA) = − 1
2κ
Lg(ga) + Lm(ga,ΦA) . (2.1)
For the sake of generality, the pure metric part Lg depends on a metric variable ga that is
thought as a one from the set
ga =
{
gµν , gµν ,
√−ggµν , √−ggµν , (−g)gµν , . . .
}
. (2.2)
The matter part Lm in (2.1) depends on ΦA — generalized matter variables interacting with
ga. The variation of the Lagrangian (2.1) with respect to ga leads to the field equations:
δLg
δga
= 2κ
δLm
δga
→ δLg
δgµν
= κTµν . (2.3)
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The last equation is the gravitational equations in the standard form obtained after contract-
ing the first one with ∂ga/∂gµν . Variation of (2.1) with respect to ΦA gives corresponding
matter equations. The background gravitational equations are in the form
δL¯g
δg¯a
= 2κ
δL¯m
δg¯a
→ δL¯g
δg¯µν
= κT¯µν , (2.4)
where the background Lagrangian is defined by the barred procedure in (2.1): L¯ = L(g¯a, Φ¯A).
The background matter equations are derived analogously. It is assumed that background
fields g¯a and Φ¯A are known (fixed) and satisfy the background equations.
A physical system described by equations (2.3) can be considered as a perturbed one
with respect to a background system with the equations (2.4). Thus, from the start we
decompose metric and matter variables in (2.1) into the background (barred) parts and the
dynamic variables (perturbations) ha and φA:
ga = g¯a + ha , (2.5)
ΦA = Φ¯A + φA . (2.6)
At the end of this section we explain why it is important to examine the different definitions
ha related to different variables in (2.2). After that we represent the perturbed system by
the Lagrangian:
Ldyn(g¯, Φ¯; h, φ) = L(g¯ + h, Φ¯ + φ)− ha δL¯
δg¯a
− φA δL¯
δΦ¯A
− L¯ . (2.7)
We call it the dynamic Lagrangian because perturbations ha and φA in (2.7) are treated
as the dynamic variables. Note that we do not use the original Lagrangian, L(g,Φ) =
L(g¯ + h, Φ¯ + φ), after substituting the decompositions (2.5) and (2.6). Thus, the field-
theoretical method applied in the current paper is based on the dynamic Lagrangian (2.7).
To obtain the gravitational equations related to the Lagrangian (2.7) one needs to vary
it with respect to ha. Using the property, δL(g¯ + h, Φ¯ + φ)/δg¯a = δL(g¯ + h, Φ¯ + φ)/δha, we
present them in the form:
δLdyn
δha
=
δ
δg¯a
[L(g¯ + h, Φ¯ + φ)− L¯] = 0 . (2.8)
From here it is clear that the field equations for ha are equivalent to the gravitational equa-
tions in the standard form (2.3) if the background equations (2.4) hold.
Now we define a generalized metric energy-momentum as
ta ≡ δL
dyn
δg¯a
≡ δL
dyn
δha
− δ
δg¯a
(
hb
δL¯
δg¯b
+ φA
δL¯
δΦ¯A
)
. (2.9)
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Note that the background equations should not be taken into account before variation of
Ldyn with respect to g¯a and Φ¯A. Then, combining the definition (2.9) with the dynamical
equations (2.8) and contracting it with 2κ∂ga/gµν , one obtains another form of the equations
(2.8):
GLµν + FLµν = κtµν , (2.10)
which are, of course, equivalent to the equations (2.3) if the background equations (2.4) hold.
The linear operators on the left hand side of (2.10) are defined by
GLµν =
δ
δg¯µν
ha
δL¯g
δg¯a
, (2.11)
FLµν = −2κ
δ
δg¯µν
(
ha
δL¯m
δg¯a
+ φ
δL¯m
δΦ¯
)
. (2.12)
The right hand side in (2.10) is a total symmetric (metric) energy-momentum tensor den-
sity for the fields (perturbations) ha and φA and is defined by the standard varying of the
Lagrangian (2.7)
tµν = 2
δLdyn
δg¯µν
= tgµν + t
m
µν . (2.13)
Here, tgµν is the energy-momentum related to a pure gravitational part of the Lagrangian
(2.7); tmµν is the energy-momentum of matter fields φ
A in (2.7) interacting with the gravita-
tional field ha.
Now let us discuss a concrete choice from the set of variables in (2.2). Of course, this
leads to different decompositions (2.5) and different definitions of ha. Taking into account the
gravitational background equations (2.4) one can rewrite the left hand side of the equations
(2.10) as
GLµν + FLµν = −2κ
δ
δg¯µν
(
hαβa
δ
δg¯αβ
(
− 1
2κ
L¯g + L¯m
)
+ φA
δL¯m
δΦ¯A
)
(2.14)
with independent (unified) gravitational variables
hµνa = h
a∂g¯
µν
∂g¯a
, (2.15)
where gµν =
√−ggµν . The variables hµνa in (2.15) differ one from another beginning from the
second order in perturbations. Of course, this difference is incorporated into the left hand
side of (2.10), see (2.14). The right hand side of (2.10) incorporates this difference as well.
As a rule, such a difference is not important for calculating conserved quantities for static
solutions; it also does not influence, e.g., in calculations in quantum gravity [23]. However,
a difference in the second order becomes important, for example, in a real calculation for
a radiating isolated system in 4D GR. It turns out that only the choice of the metric per-
turbations ha = gµν − g¯µν = hµν gives, see [11], the standard Bondi-Sachs momentum [24].
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All the other decompositions, including the popular one ha = gµν − g¯µν ≡ κµν (see, for
example, [25]), do not.
3 Covariantized Klein-Noether identities
In this section, we present the necessary identities and their important consequences. Follow-
ing the technique developed in [7,9], see also the book [20], we start from the Klein-Noether
identities for an arbitrary set of covariant fields, see book [26]. Then, introducing an external
metric field, we covariantize these identities.
Let a set of physical fields, ψA, be described by the Lagrangian:
L = L(ψA;ψA,α;ψA,αβ) (3.1)
depending on partial derivatives up to the second order. Because the Lagrangian (3.1) is a
scalar density of the weight +1 it satisfies the main Noether identity:
£ξL+ (ξαL),α ≡ 0 . (3.2)
After identity transformations it can be represented in the form:
∂α
[Uσαξσ +Mσατ∂τξσ +Nσατβ∂βτξσ] ≡ 0 . (3.3)
In (3.3), the coefficients are defined by the Lagrangian (3.1) without ambiguities in an unique
way:
Uσα = Lδασ +
δL
δψB
ψB|ασ −
[
∂L
∂ψB,α
− ∂β
(
∂L
∂ψB,αβ
)]
∂σψB − ∂L
∂ψB,αβ
∂σβψB , (3.4)
Mσατ =
[
∂L
∂ψB,α
− ∂β
(
∂L
∂ψB,αβ
)]
ψB|τσ −
∂L
∂ψB,ατ
∂σψB +
∂L
∂ψB,αβ
∂β(ψB|τσ) , (3.5)
Nσατβ = 12
[
∂L
∂ψB,αβ
ψB|τσ +
∂L
∂ψB,ατ
ψB|βσ
]
. (3.6)
Because ∂βτ ≡ ∂β∂τ in (3.3) is symmetrical in β and τ the same symmetry is reflected in
coefficients: Nσατβ = Nσαβτ .
Opening the identity (3.3), given that ξσ, ∂αξ
σ, ∂βαξ
σ and ∂γβαξ
σ are arbitrary at every
world point, we equate to zero the coefficients associated with them and obtain the system
of the Klein-Noether identities:
∂αUσα ≡ 0, (3.7)
Uσα + ∂λMσλα ≡ 0, (3.8)
Mσ(αβ) + ∂λNσλ(αβ) ≡ 0, (3.9)
N (αβγ)σ ≡ 0. (3.10)
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These identities are not independent. Indeed, after differentiating (3.8) and using (3.9) and
(3.10) one easily finds (3.7).
One can see that expressions (3.4) - (3.6) and the identities (3.7) - (3.10) are not covariant.
On the other hand, the expression in (3.3) is covariant as whole, since it is a scalar density;
the expression under the divergence in (3.3) is a vector density. This signals that the above
expressions and the identities can be covariantized. We achieve this in the following way,
see [22]. Let us replace partial derivatives of ξσ in (3.3) by covariant ones, making the use of
the expression ∂ρξ
σ = ∇ρξσ− ξσ|αβ Γβρα. Here, the Christoffel symbols Γβρα and, consequently,
the covariant derivative ∇ρ are compatible with gµν . At the moment, gµν is included in
expressions as an external metric only. Note that gµν can be included in the set ψ
A, although
this is not necessary. The identity (3.3) is now rewritten as
∇α
[
uσ
αξσ +mσ
ατ∇τξσ + nσατβ∇βτξσ
] ≡ 0 , (3.11)
where ∇βτ ≡ ∇β∇τ and
uλ
α = Uλα −MσατΓσλτ +Nσατρ(ΓστπΓπλρ − ∂ρΓσλτ ) , (3.12)
mλ
ατ = Mλατ +NλασρΓτσρ − 2NσατρΓσλρ , (3.13)
nλ
ατρ = Nλατρ . (3.14)
One can show explicitly that, indeed, these coefficients are covariant, see [22]. Note that
in [22] we have shown that there are different ways to define coefficients in (3.12), (3.13) and
(3.14). Here, however, we use the form (3.12), (3.13) and (3.14) only.
The identity (3.11) can be rewritten in the form of the differential conservation law:
∇αiα ≡ ∂αiα ≡ 0 , (3.15)
where the current is rewritten as
i
α = − [(uσα + nλαβγRλβγσ)ξσ +mραβ∂[βξρ] + zα] , (3.16)
z
α = mσαβζσβ + n
ραβγ (2∇γζβρ −∇ρζβγ) ; 2ζρσ ≡ −£ξgρσ = 2∇(ρξσ) . (3.17)
Thus, z-term disappears, zα = 0, if ξµ = ξ¯µ is a Killing vector of a spacetime with the metric
gµν . Then the current (3.16) is determined by the energy-momentum (u+nR)-term and the
spin m-term only.
Now, opening the identity (3.15) and, equating independently to zero the coefficients at
ξσ, ∇αξσ, ∇(βα)ξσ and ∇(γβα)ξσ we get a system of identities that is equivalent to the system
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(3.7) - (3.10) and reformulates it as
∇αuσα + 12mλαρR λσ ρα + 13nλαργ∇γR λσ ρα ≡ 0, (3.18)
uσ
α +∇λmσλα + nλταρR λσ ρτ + 23nσλτρRατρλ ≡ 0, (3.19)
mσ
(αβ) +∇λnσλ(αβ) ≡ 0, (3.20)
n
(αβγ)
σ ≡ 0. (3.21)
These identities are also not independent. After covariant differentiating (3.19) and using
(3.20) and (3.21) one easily finds (3.18). Since (3.15) is identically satisfied, the current
(3.16) must be a divergence of a superpotential iαβ , antisymmetrical tensor density, for
which ∂βαi
αβ ≡ 0, that is
i
α ≡ ∇βiαβ ≡ ∂βiαβ . (3.22)
Indeed, substituting uσ
α from (3.19) into the current (3.16), using (3.20) and algebraic prop-
erties of nσ
αβγ and Rαβρσ we reconstruct (3.16) to the form (3.22), where the superpotential
acquires the form:
i
αβ =
(
2
3
∇λnσ [αβ]λ −mσ [αβ]
)
ξσ − 4
3
nσ
[αβ]λ∇λξσ. (3.23)
It is explicitly antisymmetric in α and β. Of course, the differential conservation law (3.15)
follows from (3.22).
For our goals, to construct conserved quantities for perturbations in the Lovelock theory,
we fix the Lagrangian (3.1) in a more concrete form:
L = L(ha; gπσ;Rαµβν) . (3.24)
Thus, the set of fields in (3.1) is now ψA = {ha, gπσ}. The Lagrangian (3.24) is an arbitrary
enough smooth algebraic function of ha, gπσ and the Riemannian tensor R
α
µβν . Note that
derivatives of gπσ are included in R
α
µβν only.
Now, let us define an important quantity
ω
ρλ|µν =
∂L
∂gρλ,µν
(3.25)
with the evident symmetries
ω
ρλ|µν = ωλρ|µν = ωρλ|νµ . (3.26)
Because the Riemannian tensor is linear in derivatives of gπσ we conclude that the quantity
(3.25) is covariant automatically. Then, making the use of the definitions for the coefficients
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(3.4) - (3.6) and (3.12) - (3.14), the identities (3.10) and (3.21), the quantity (3.25) and its
symmetries (3.26) we can rewrite (3.12) - (3.14) for the Lagrangian (3.24) as
uσ
µ = Lδµσ +
δL
δψA
ψA
∣∣µ
σ
− ωλµ|ρνRλρνσ , (3.27)
m
ρµν = 2∇λωρν|µλ; mρµν =mνµρ , (3.28)
n
ρλµν = ωρλ|µν; ωρλ|µν = ωµν|ρλ . (3.29)
One can see that all the expressions (3.27) - (3.29) are covariant, and, of course, they satisfy
the identities (3.19) - (3.21).
Now, making the use of (3.27) - (3.29) we represent the current (3.16) - (3.17) and the
superpotential (3.23) for the Lagrangian (3.24) as
i
µ = −
(
Lξµ + δL
δψA
ψA
∣∣µ
σ
ξσ + zµ
)
, (3.30)
z
µ = 2ζρλ∇νωρλ|µν − 2ωρλ|µν∇νζρλ . (3.31)
i
µν = 4
3
(
2ξσ∇λωσ[µ|ν]λ − ωσ[µ|ν]λ∇λξσ
)
. (3.32)
Let us note remarkable properties of these quantities. First, due to the symmetry in (3.28)
m-term disappears from the current, compare (3.16) with (3.30). Second, the expression for
the superpotential (3.32) depends essentially on the quantity (3.25) only.
Expressions for currents iµ and superpotentials iµν in (3.30) - (3.32) constructed in the
case of absence of ha in the Lagrangian (3.24) can be considered as an intermediate result. In
this case, thus, we consider unperturbed theories that can be not only the Lovelock theory,
but theories quadratic in curvature (see, for example, [27, 28]), or f(R) gravities (see [29]),
etc. Essentially, it can be an arbitrary theory with the Lagrangian L = L(gπσ;Rαµβν) that
is an arbitrary enough smooth algebraic function of gπσ and R
α
µβν . Then the superpotential
(3.32) can be interpreted as a generalization of the well known Komar superpotential [30].
Indeed, let the Lagrangian (3.24) be the Hilbert Lagrangian
Lh = − 1
2κ
√−gR . (3.33)
Then the quantity (3.25) acquires the form:
ω
ρλ|µν
h = −
1
4κ
(
gρµgνλ + gρνgµλ − 2gρλgµν) , (3.34)
and the superpotential (3.32) becomes the famous Komar superpotential [30]:
i
µν
h =
√−g
κ
∇[µξν] . (3.35)
See also [31, 32] for a generalization of the Komar superpotential in metric theories with
torsion.
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4 Currents and superpotentials of general form
In the present section, we use the identities of the above section to construct currents and
superpotentials in metric theories in the framework of the field-theoretical formulation. Our
approach is based on exploiting the structure of the Lagrangian Ldyn defined in (2.7). Let
us consider the part of Ldyn,
L1 = − 1
2κ
ha
δL¯g
δg¯a
, (4.1)
that now plays a role of an auxiliary Lagrangian (3.24), and where we can set ψA = {ha, g¯πσ}.
Index ”1” is used because Lagrangian (4.1) is of the first order in h
a in expansion of Lg.
To apply the technique of the previous section to the Lagrangian (4.1), we assume that
L1 = L1(ha; g¯πσ; R¯αµβν). Then, because L1 in (4.1) is proportional to the Lagrange derivative
of L¯g, the gravitational part of the Lagrangian (2.1) can present the Lovelock theory only,
see [1] and section 5. However, in the present section, we do not use concrete expressions of
the Lovelock gravity and obtain identically conserved quantities related to the Lagrangian
(4.1) in a general form L1 = L1(ha; g¯πσ; R¯αµβν) only. Because the Lagrangian (4.1) induces
the construction of the linear operator (2.11) in (2.10), making the use of the field equations
(2.10), we transform the identically conserved quantities to physically conserved quantities.
The explicit expression for the linear operator GLµν in (2.10) defined in (2.11) is quite
important in numerous applications. Let us derive it. For the Lagrangian (4.1) that is of the
type (3.24) and for the related expressions (3.27) - (3.29), one finds from the identity (3.19):
GLµσ = −
1
2
δL¯g
δg¯a
(haδµσ + h
a|µσ) + 2κ
(
∇¯ρλω1σµ|ρλ + ωµτ |ρλ1 R¯σλτρ +
1
3
ω1σ
λ|τρR¯µτρλ
)
. (4.2)
Note that this formula can be obtained following the method in [33], however, the use of the
identities (3.18) - (3.21) is more clear and simple.
Next, substituting the expression for the Lagrangian (4.1) into the current expression
(3.30), one obtains
i
µ
1 = θσ
µξσ − zµ1 , (4.3)
where, as usual, the coefficient θσ
µ at ξσ is interpreted as the energy-momentum,
θσ
µ =
1
κ
(
GLµσ +
1
2
δL¯g
δg¯a
(haδµσ + h
a|µσ)
)
, (4.4)
and z-term zµ1 has exactly the form (3.31) with ω
ρλ|µν
1 defined in (3.25) and related to L1.
Combining the last expression with (4.2), one finds a quite simple formula for the energy-
momentum:
θσ
µ = 2
(
∇¯ρλω1σµ|ρλ + ωµτ |ρλ1 R¯σλτρ +
1
3
ω1σ
λ|τρR¯µτρλ
)
. (4.5)
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At the moment, formally the energy-momentum (4.5) is related to the auxiliary Lagrangian
(4.1), not more. One can remark also the nice property of the expression (4.5) that, being
quite general, depends essentially on the quantity ω
σλ|τρ
1 only.
Of course, the current (4.3) is identically conserved:
∇¯µiµ1 ≡ ∂µiµ1 ≡ 0 . (4.6)
Then, the current in this identity, with making the use of the Klein-Noether identities, can
be rewritten with the use of a superpotential
i
µ
1 ≡ ∇¯νiµν1 ≡ ∂νiµν1 , (4.7)
where iµν1 has exactly the form (3.32) with ω
ρλ|µν
1 related to L1.
However, both (4.6) and (4.7) are the identities only. To make them physically sensible
conservation laws one has to use the field equations. Thus, after using (2.10) the energy-
momentum (4.4) transforms to
θµν → τµν = tgµν + tmµν −
1
κ
FLµν +
1
2κ
δL¯g
δg¯a
(hag¯µν + h
a|σ
µ
g¯σν
)
. (4.8)
Let us interpret this expression. The first term is the energy-momentum for a free gravi-
tational field related to the gravitational part of the Lagrangian (2.7); the second term is
the energy-momentum for matter fields related to the matter part of the Lagrangian (2.7);
the last term describes interaction of the gravitational field ha with a curved background
described by the metric g¯µν . However, the role of the third term is not clear. Let us clarify
it. Using the definitions (2.12) and (2.13), uniting the second and third terms, and taking
into account (2.3) and (2.4), one transforms (4.8) to
τµν = t
g
µν + δTµν +
1
2κ
δL¯g
δg¯a
(hag¯µν + h
a|σ
µ
g¯σν
)
, (4.9)
where δTµν = Tµν − T¯µν describes a perturbation of the matter energy-momentum of the
gravity theory in (2.3) with respect to the background one in (2.4). Of course, if we examine
a concrete solution to the field equations (2.10), we can use the energy-momentum (4.5),
instead of (4.8) or (4.9). Thus, it is
τ
µν = 2
(
∇¯ρλωµν|ρλ1 + ωµτ |ρλ1 R¯νλτρ +
1
3
ω
νλ|τρ
1 R¯
µ
τρλ
)∣∣∣∣
(2.10)
. (4.10)
After that let us turn to the current (4.3) and transform it to
i
µ
1 → Iµ = τ µνξν − zµ1 . (4.11)
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Then the identity (4.6) transforms to the physically sensible conservation law:
∇¯µIµ = ∂µIµ = 0 . (4.12)
At last, substituting potentials of a concrete solution into the superpotential expression (4.7)
we denote it as
i
µν
1 → Iµν . (4.13)
Then the identity (4.7) transforms to the physically sensible conservation law:
Iµ = ∇¯νIµν = ∂νIµν . (4.14)
All the above has been constructed for arbitrary curved backgrounds, even non-vacuum
ones. However, the case of a vacuum background,
L¯m = 0→ δL¯g
δg¯a
= T¯µν = 0, FLµν = 0 , (4.15)
is of special interest, and we describe this below. The field equations (2.10) go to
GLµν = κ
(
t
g
µν + t
m
µν
)
. (4.16)
Note that it can be that tmµν 6= 0 because, of course, matter can propagate on a vacuum
background. Under the conditions (4.15) the expression (4.2) transforms to
GLµσ = 2κ
(
∇¯ρλω1σµ|ρλ + ωµτ |ρλ1 R¯σλτρ +
1
3
ω1σ
λ|τρR¯µτρλ
)
(4.17)
and the energy-momentum (4.8) acquires the simple form
τµν = t
g
µν + t
m
µν . (4.18)
In the case of a vacuum background, we highlight the nice property that the expression (4.17)
depends essentially on the quantity ω
σλ|τρ
1 only, defined as in (3.25) for the Lagrangian L1.
Next, in the case (4.15), making use of the Killing vectors ξα = ξ¯α, the current (4.11)
transforms to the usual form of a field theory:
Iµ = τ µν ξ¯ν . (4.19)
Assuming arbitrary Killing vectors ξα = ξ¯α in the identity (4.6), one obtains the identity
∇¯µGLµν ≡ 0 (4.20)
under the conditions (4.15). Then, from the field equations (4.16) one obtains the result,
∇¯ντ µν = 0, (4.21)
that is a differential conservation law for the total energy-momentum tensor density (4.18).
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5 Lovelock theory. Arbitrary curved backgrounds
In this section, we derive explicit expressions for the Lagrangian based field-theoretical re-
formulation of the Lovelock gravity including conserved currents and superpotentials. Let
us consider Lagrangian (2.1) derived for the Lovelock theory:
L(ga,ΦA) = − 1
2κ
Lℓ(ga) + Lm(ga,ΦA) . (5.1)
Here, κ = 2ΩD−2GD > 0 with GD — D-dimensional Newton’s constant, ΩD−2 is a square
of (D − 2)-dimensional sphere with unite radius. The Lovelock Lagrangian, Lℓ(ga), has
been constructed under the following requirements [1]: First, it has to be a Lagrangian
of a covariant metric theory in D dimensional spacetime; second, Euler-Lagrange equations
following from varying Lℓ(ga) have to be differential equations of the second order, not more.
The unique possibility to satisfy them is to construct a sum of polynomials in Riemannian
tensor as
Lℓ(ga) =
√−g
m∑
p=0
αp
2p
δ
[j1j2···j2p]
[i1i2···i2p]
Ri1i2j1j2 · · ·R
i2p−1i2p
j2p−1j2p
, (5.2)
where αp are coupling constants, m = [(D − 1)/2], and the totally-antisymmetric Kronecker
delta is
δ
[ν1···νq]
[µ1···µq ]
:=
∣∣∣∣∣∣∣∣∣∣∣
δν1µ1 δ
ν2
µ1
· · · δνqµ1
δν1µ2 δ
ν2
µ2
δ
νq
µ2
...
. . .
δν1µq δ
ν2
µq
· · · δνqµq
∣∣∣∣∣∣∣∣∣∣∣
. (5.3)
Important properties of the Lagrangian (5.2) are as follow. Polynomial of zero’s order,
p = 0, is related to a ‘bare’ cosmological constant Λ0 with α0 = −2Λ0; polynomial of the first
order, p = 1, is the Hilbert term with α1 = 1, see (3.33); polynomial of the second order,
p = 2, is the Gauss-Bonnet term with a coupling constant α2 undefined from the start, etc.
The summation in (5.2) is restricted to m = [(D − 1)/2] for the next reasons. Consider,
for example, dimensions D = 3, 4. In this case, p = 0 and p = 1 terms contribute to the
Euler-Lagrange equations, whereas terms with p ≥ 2 do not. For D = 5, 6, the terms with
p = 0, 1, 2 contribute to the Euler-Lagrange equations, whereas terms with p ≥ 3 do not, etc.
Although, of course, terms that do not contribute to equations of motion can be included
in the Lagrangian as topological ones, and could play an important role, for example, in
definition of conserved charges, see [34].
Here and below, to concretize the decomposition (2.5) we prefer to use a more simple
and popular definition for gravitational variables ha:
κµν = gµν − g¯µν . (5.4)
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Therefore we derive the field equations related to (5.1) by varying with respect to gρσ with
lower indices:
δLℓ
δgρσ
=
√−ggπρ
m∑
p=0
αp
2p+1
δ
[σµ1µ2···µ2p]
[πν1ν2···ν2p]
Rν1ν2µ1µ2 · · ·Rν2p−1ν2pµ2p−1µ2p = −κT ρσ . (5.5)
As before, we do not concretize the matter sources in both, (5.1) and (5.5), and below.
Now we need to derive Lagrangian (4.1) for the Lovelock theory. We use the back-
ground version of the Lovelock Lagrangian, L¯ℓ, and the background version of the Lagrange
derivative in (5.5). As a result, the Lagrangian (4.1) acquires the form:
Lℓ1 = − 1
2κ
κρσ
δL¯ℓ
δg¯ρσ
= −
√−g¯
2κ
κ
ρ
σ
m∑
p=0
αp
2p+1
δ
[σµ1µ2···µ2p]
[ρν1ν2···ν2p]
R¯ν1ν2µ1µ2 · · · R¯ν2p−1ν2pµ2p−1µ2p . (5.6)
Another necessary and key quantity of the type (3.25) calculated for the Lagrangian (5.6) is
ω
ρλ|µν
ℓ1 = −
√−g¯
2κ
κ
α
β
m∑
p=1
pαp
2p+1
δ
[βπσµ3µ4···µ2p]
[αφψν3ν4···ν2p]
R¯ν3ν4µ3µ4 · · · R¯ν2p−1ν2pµ2p−1µ2p g¯φτ g¯ψκDρλµνπστκ . (5.7)
Here, the quantity
Dρλµνπστκ =
1
2
(
δρπδ
λ
κ + δ
ρ
κδ
λ
π
)
(δµσδ
ν
τ + δ
µ
τ δ
ν
σ) (5.8)
has been obtained after differentiating the Riemannian tensor R¯πστκ with respect to g¯ρλ,µν
and using the index symmetry under the contraction.
In the framework of the Lovelock gravity, keeping in mind the quantity (5.7), first, we
derive the linear operator (4.2):
GσµL = −
1
2
g¯σµ
δL¯ℓ
δg¯ρτ
κρτ +
δL¯ℓ
δg¯ρσ
κ
µ
ρ + 2κ
(
∇¯ρλωσµ|ρλℓ1 + ωµτ |ρλℓ1 R¯σλτρ +
1
3
ω
σλ|τρ
ℓ1 R¯
µ
τρλ
)
; (5.9)
second, we derive the conserved current (4.11):
Iµℓ = τ σµℓ ξσ − zµℓ (5.10)
with the energy-momentum (4.10),
τ
σµ
ℓ = 2
(
∇¯ρλωσµ|ρλℓ1 + ωµτ |ρλℓ1 R¯σλτρ +
1
3
ω
σλ|τρ
ℓ1 R¯
µ
τρλ
)∣∣∣∣
(2.10)
, (5.11)
where z-term is
z
µ
ℓ = 2ζ¯ρλ∇¯νωρλ|µνℓ1 − 2ωρλ|µνℓ1 ∇¯ν ζ¯ρλ; 2ζ¯ρλ ≡ −£ξ g¯ρλ = 2∇¯(ρξλ) ; (5.12)
and, third, we derive the superpotential (4.13):
Iµνℓ = 43
(
2ξσ∇¯λωσ[µ|ν]λℓ1 − ωσ[µ|ν]λℓ1 ∇¯λξσ
)
. (5.13)
We stress the remarkable property: For the Lovelock gravity both items of the conserved
current (5.10) and the superpotential (5.13) constructed for arbitrary perturbations on ar-
bitrary curved backgrounds depend on the quantity (5.7) only. Recall also that the energy-
momentum (5.11) is conserved for a vacuum background, see (4.21).
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6 Lovelock theory. AdS backgrounds
One of the more popular solutions to equations of the Lovelock gravity is the global maxi-
mally symmetric spacetime with a negative constant curvature - anti-de Sitter (AdS) space.
Therefore, it is very important to construct conserved quantities for arbitrary perturbations
on such backgrounds. This is one of the tasks of the present section. The other task is to
test the new formulae, calculating mass for a static black hole with the AdS asymptotic in
the Lovelock gravity.
We consider the equations (5.5) as background equations under the vacuum condition
(4.15):
δL¯ℓ
δg¯ρσ
=
√−g¯g¯πρ
m∑
p=0
αp
2p+1
δ
[σµ1µ2···µ2p]
[πν1ν2···ν2p]
R¯ν1ν2µ1µ2 · · · R¯ν2p−1ν2pµ2p−1µ2p = 0 . (6.1)
The AdS space with the Riemannian tensor
R¯ρλµν = −
1
ℓ2eff
δ
[ρλ]
[µν] (6.2)
satisfy the equations (6.1), for which effective cosmological constant is chosen as
Λeff = −(D − 1)(D − 2)
2ℓ2eff
. (6.3)
The AdS radius ℓeff is defined by the value of constant curvature of the maximally symmetric
spacetime solution (6.2) to the vacuum equations (6.1). One easily finds that ℓeff is to be a
solution to the equation
V (x)|x=ℓ−2
eff
=
m∑
p=0
(D − 3)!
(D − 2p− 1)!αp(−1)
p−1
(
ℓ−2eff
)p
= 0 . (6.4)
Thus, the AdS radius ℓeff (the same Λeff) defines a real (effective) length scale. On the
other hand, the bare Λ0 has no an analogical geometrical (physical) sense. Indeed, Λ0 is
related to the coupling constant α0 only that is considered in (6.4) together with other αp
only, there is no other sense for Λ0. This treatment is close to the one in [35, 36].
To describe a spacetime with the curvature tensor (6.2) we can use the metric:
ds¯2 = −fdt2 + 1
f¯
dr2 + r2
D−2∑
a,b
qabdx
adxb , (6.5)
where
f¯(r) = 1 +
r2
ℓ2eff
, (6.6)
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and the last term in (6.5) describes (D − 2)-dimensional sphere of the radius r, and qab
depends on coordinates on the sphere only. The Christoffel symbols corresponding (6.5) are
Γ¯100 =
f¯ f¯ ′
2
, Γ¯010 =
f¯ ′
2f¯
, Γ¯111 = −
f¯ ′
2f¯
, Γ¯a1b =
1
r
δab , Γ
1
ab = −rf¯qab , (6.7)
where ∂f¯/∂r = f¯ ′.
The unique key expression in constructing conserved quantities for perturbations (5.4)
on vacuum backgrounds in the Lovelock gravity is (5.7). Let us derive it taking into account
the condition (6.2) for the AdS background. From the beginning let us calculate the first
term from the sum in (5.7) that corresponds to the Einstein part of the Lovelock Lagrangian.
It is
ω
ρλ|µν
h1 = −
√−g¯
8κ
κ
α
β δ
[βπσ]
[αφψ]g¯
φτ g¯ψκDρλµνπστκ =
−
√−g¯
4κ
[
g¯µνκρλ + g¯ρλκµν − g¯ρ(µκν)λ − g¯λ(µκν)ρ − κ (g¯µν g¯ρλ − g¯ρ(µg¯ν)λ)] . (6.8)
Now, keeping in mind this expression and the condition (6.2), and making use of the relation
for a contraction of indices in the Kronecker delta,
δ
[ν1···ν2kν2k+1···ν2p]
[µ1···µ2kµ2k+1···µ2p]
δµ2k+1ν2k+1 · · · δµ2pν2p =
(D − 2k)!
(D − 2p)! δ
[ν1···ν2k]
[µ1···µ2k ]
, (6.9)
we obtain for (5.7):
ω
ρλ|µν
l1 = ω
ρλ|µν
h1
[
m∑
p=1
pαp(−ℓ−2eff )p−1
(D − 3)!
(D − 2p− 1)!
]
. (6.10)
One easily finds (in this relation, see [37]) that the expression in square brackets is defined
by the differentiation of (6.4):
V ′(ℓ−2eff ) = (∂xV (x))|x=ℓ−2
eff
=
m∑
p=1
pαp(−ℓ−2eff )p−1
(D − 3)!
(D − 2p− 1)! . (6.11)
The expression (6.10) shows that all the quantities (5.9) - (5.13), if they are constructed for
the AdS background that is the vacuum one, are proportional to the factor (6.11). The role
of the coefficient (6.11) is discussed in detail at the end of the present section.
Now, making use of (6.10) with (6.8), we get the following important expressions. First,
the linear operator (5.9) under the condition (6.2) acquires the form:
GµνL =
√−g¯
2
V ′(ℓ−2eff)
[∇¯ρµκνρ + ∇¯ρνκµρ − ∇¯ρρκµν − g¯µν∇¯ρλκρλ
+g¯µν∇ρρκ −∇µνκ + g¯µν 2Λeff
D − 2κ −
4Λeff
D − 2κ
µν
]
. (6.12)
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Second, the same expression (6.12) divided by κ is related to the energy-momentum τ µνℓ in
(5.11) that is conserved:
∇¯ντ µνℓ = 0. (6.13)
For (6.10) with (6.8) the conserved current (5.10) is calculated with making the use of τ µνℓ
and with z-term (5.12) that can be easily found as well. Third, for (6.10) with (6.8) the
superpotential (5.13) acquires the concrete form:
Iµνℓ =
√−g¯
κ
V ′(ℓ−2eff )
[
ξρ∇¯[µκν]ρ − ξ[µ∇¯ρκν]ρ + ξ[µ∇¯ν]κ + κρ[µ∇¯ν]ξρ + 12κ∇¯[µξν]
]
. (6.14)
To check the above results we consider static black holes in the Lovelock gravity. To have
concrete formulae for the solution we use the presentation given in [38]. As usual, a static
black hole solution can be presented by the Schwarzschild-like metric:
ds2 = −fdt2 + 1
f
dr2 + r2
D−2∑
a,b
qabdx
adxb , (6.15)
where f satisfies the equation
m∑
p=0
αp
(D − 2p− 1)!
(
1− f
r2
)p
=
µ
(D − 3)! rD−1 (6.16)
which is a result of integration of the rr-component of the Lovelock vacuum equations with
the constant of integration µ. For the black hole solution one has to find the event horizon
r+ that is the largest solution of the equation f(r+) = 0. We assume that such a solution
exists, see [38]. Besides, in [38] it is shown that the asymptotic behaviour of f at r →∞ is
f(r) ∼ 1 + r
2
ℓ2eff
− 1
V ′(ℓ−2eff)
µ
rD−3
. (6.17)
Comparing it with (6.6), one gets
∆f = f(r)− f¯(r) ∼ − 1
V ′(ℓ−2eff )
µ
rD−3
. (6.18)
As a result, for the perturbations (5.4) one has
κ00 ∼ −∆f, κ11 ∼ −∆f/f¯ 2 (6.19)
in the appropriate order of approximation.
To calculate the mass for the black hole solution (6.15) with the AdS asymptotic (6.5)
one has to use the Killing vector ξ¯α = {−1, 0, 0, 0} and 01-component of the superpotential
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(6.14) with the appropriate order of approximation for the perturbations (6.19). Thus with
making the use of (6.7) we obtain
I01ℓ ∼ −
√−g¯
κ
V ′(ℓ−2eff )
D − 2
2r
∆f . (6.20)
Then, substituting (6.18) and taking into account
√−g¯ = rD−2√det qij , one obtains for the
mass
M = lim
r→∞
∮
dxD−2I01ℓ =
D − 2
2κ
µ
∮
dxD−2
√
det qij =
D − 2
4GD
µ . (6.21)
It is the standard accepted result obtained using various approaches in variousD-dimensional
modifications of GR: for example, in [27, 28] in quadratic in curvature gravities; in [39] in
Chern-Simons and Lovelock gravity; in [40] in higher curvature gravitational theories; in [41]
with using the Hamiltonian approach and constructing related surface terms in the EGB
gravity; in [42] in the EGB gravity using canonical approach developed in [10], etc, and
numerous references therein. One has to pay especial attention to the result (6.21) obtained
in [38] with using the technique of counterterms, see, for example, [34,43,44] and references
therein.
Finally, let us discuss the role of the coefficient (6.11) in the above formulae. The case,
when V ′(ℓ−2eff) 6= 0 is the condition when the AdS background (AdS vacuum) is not degen-
erated. In this case one can use all the above formulae without obstacles. The case of a
degenerate AdS vacuum,
V ′(ℓ−2eff) = 0 , (6.22)
is analyzed in detail in [37], besides, the case of degenerate vacuum with multiplicity, like
V ′′(ℓ−2eff) = 0, V
′′′(ℓ−2eff ) = 0, etc., is analyzed as well.
In the case of a degenerate AdS background (6.22), the field-theoretical current (5.10) and
superpotential (5.13) become zero for arbitrary perturbations. This could mean that they
cannot describe a physical situation, or a degenerate background is not physical one. The
linear operator (6.12) becomes zero as well. Consequently, the total energy-momentum for
perturbations at the right hand side of (4.16) disappears also. This could be interpreted as a
case where the matter energy-momentum is compensated by the pure gravitational energy-
momentum. Such a situation looks strange. However, for example, this is an acceptable
conclusion when the total energy of the closed Friedman world is equalized to zero where
the matter energy is compensated by the gravitational energy [45]. In the case of absence
of matter in (4.16), the energy-momentum of the metric perturbations must to be equal
to zero, and can be interpreted as absence of gravitons! Such a situation is discussed in
detail in the EGB gravity in the paper [7], where the condition analogous to (6.22) has been
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analyzed without definite conclusions in the framework of various approaches, not only in
the field-theoretical one.
It seems that in the case of calculating the charge (6.21) of the Lovelock black hole the
degeneracy condition (6.22) does not lead to a problem because the degeneracy coefficient
is cancelled in (6.20). However, it is not so. Indeed, in [37] the authors show that for
the degenerate AdS background the approximation (6.17) does not hold: it has a slower
fall-off and other coefficients. Thus, in the case of the degeneracy condition (6.22), the
field-theoretical approach does not have a well-defined charge for the Lovelock black hole.
In this regard, it is important to turn to the study in [37], where the authors develop the
definition of the conformal mass within a given AdS branch of the Lovelock gravity. The
notion of conformal mass has been elaborated for the Einstein gravity in [46, 47], where
conserved quantities in asymptotically AdS spaces are encoded in the Weyl tensor. This
is quite natural, as it is a tensor that captures the conformal properties of the spacetime.
So, in [37] conserved charges have been obtained with making the use of the counterterm
technique [34,43,44]. The charges turn out to be proportional to the electric part of the Weyl
tensor with a factor of proportionality as the degeneracy condition. Thus, the conformal
mass is well-defined in the case of absence of the degeneracy, and has the obstruction in
the degenerate case, the same as in our formulae above. The authors of [37] conclude that
this fact reflects an obstruction to the linearization of the theory. As a consequence, in the
degenerate case, the information on the black hole mass has to be contained in non-linear
terms of the boundary energy-momentum tensor.
7 Discussion
Let us summarize, remark on novelty and discuss the importance of our central results.
First, for the Lovelock gravity we have obtained currents in a concrete form (5.10) for
perturbations on arbitrary curved backgrounds (not only vacuum ones) of all the permissible
types satisfying (2.4). Their structure is determined by the total energy-momentum, τ µνl ,
and z-term, zµl . The last is given in (5.12) and disappears if displacement vectors are Killing
ones, ξα = ξ¯α, of the background. The total energy-momentum is analyzed in detail. For
complicated backgrounds τ µνl has a general form (4.8), or (4.9), whereas for a vacuum case
it is (4.18). Besides, in the case of a given solution one can use the expression (5.11).
Second, for the Lovelock gravity, superpotentials in a concrete form (5.13) have been
obtained for perturbations on arbitrary curved backgrounds (not only vacuum ones) of all
the permissible types (2.4). We remark that the form of superpotentials (5.13) is unique and
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universal one (3.32) for all the cases considered here.
We note that a consideration of non-vacuum backgrounds is very important because
many physically interesting solutions are just non-vacuum ones, for example, the Friedmann
solution. Thus, in the framework of the Einstein gravity, in the series of the works [48–51],
we develop a derivation of cosmological perturbations on the basis of the Lagrangian based
field-theoretical method, see also chaper 5 of the book [20].
Third, our results are valid in the case of arbitrary displacement vectors. This is im-
portant because conserved quantities can be constructed, for example, for proper vectors of
observers which can be different from Killing vectors; or for conformal Killing vectors (these
are not Killing vectors either), see [11] and references there in; or for the Kodama vectors
(these are not Killing vectors), see [52], etc.
Fourth, we stress that our results are valid for arbitrary definitions of metric perturbations
ha from the set (2.6), see (2.15) as well. It is important for the reasons given in the last
paragraph of section 2.
Fifth, calculation of the mass of static black holes with the AdS asymptotic in the Love-
lock gravity plays a role of a test for the developed formalism. Future applications are
discussed below.
Let us look at the field-theoretical presentation at the level of the equations for pertur-
bations on given backgrounds. Such gravitational equations are derived in the form where
the linearized metric part GLµν and linearized matter part FLµν are placed on the left hand
side, whereas all the other terms are placed on the right hand side and treated as an ef-
fective (total) energy-momentum ttotµν . All approaches, where such equations are analyzed,
we classify as a field-theoretical method in general. Among various approaches there is the
Lagrangain based one where the equations GLµν+FLµν = κttotµν are obtained by varying a related
Lagrangian, in contrast in other approaches where these equations are obtained ’by hand’
after a direct linearization. In the Lagrangain based formulation perturbations play a role of
dynamical variables, we call a related Lagrangian as the dynamic one, and here it is defined
in (2.7).
In the present paper, we apply the Lagrangian based method only. Its advantages fol-
low from the fact that conserved quantities are obtained by exploiting symmetries of the
dynamic Lagrangian using the Noether theorem, like in the usual covariant field theory on
a fixed background. To get a feel for these advantages one has to compare the Lagrangian
based method with another one where a dynamic Lagrangian or its analogies are not used.
Among such approaches possibly the best known, fruitful and popular is the field-theoretical
approach by Deser and Tekin and their coauthors (see, for example, [27, 28, 53–55]). This
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approach applies the Abbott and Deser procedure developed for 4D GR [25] in metric of
higher curvature gravity theories in D dimensions, and frequently is called as the ADT
approach. Its intensive development, and many applications have many important results;
for any generic f(Riemann) theory with constructed ADT charges, including the Lovelock
theory, see [56], for a wide review see chapter 9 of the book [20] and the recent review [57].
Below we provide aforementioned comparison.
First, by the ADT method, one provides a direct linearization without varying La-
grangians. On the other hand, the Lagrangian based method permits to derive linear parts
of the gravitational equations making use of the definitions in (2.11) and (2.12) that plays a
role of universal algorithm.
Second, to the best of our knowledge, perturbations in the framework of the ADT ap-
proach are considered on vacuum (as a rule, AdS vacuum) backgrounds only. At the same
time, the Lagrangian based method permits construction of conserved quantities on arbitrary
curved backgrounds of all the permissible types satisfying (2.4).
Third, for vacuum backgrounds the linearization of matter part disappears, FLµν = 0.
Thus, the gravitational equations in the field-theoretical presentation become GLµν = κttotµν .
Moreover, in the vacuum case, ∇¯νGLµν ≡ 0. Then, for the ADT approach this identity is
contracted with a Killing vector ξ¯µ that gives the identity ∇¯ν (GLµν ξ¯µ) ≡ 0. This signals that
a related superpotential has to exist and, indeed, it is constructed in the framework of the
ADT approach. However, the ADT procedure does not work if non-Killing vectors are used.
In this case, one needs z-term drastically, but it is not determined by the ADT procedure
at all. On the other hand, the Lagrangian based method permits construction of conserved
quantities even for non-Killing displacement vectors.
Fourth, in the case of non-vacuum backgrounds one has ∇¯νGLµν 6= 0 and ∇¯ν
(GLµν + FLµν) 6=
0, which is due to an interaction of perturbations with complicated backgrounds. As a result,
the ADT procedure fails in constructing conserved quantities on non-vacuum backgrounds.
On the other hand, the Lagrangian based method permits construction of conserved currents
and suprpotentials even on non-vacuum backgrounds. As a result, the interacting terms are
defined and incorporated into the energy-momentum in the explicit form, see (4.8) and (4.9).
Fifth, in the ADT formalism, one actually directly obtains conserved currents because
of the contraction of the field equations with a Killing vector field. Therefore, in the ADT
approach, one really does not construct a conserved energy-momentum rank-2 tensor. In
the Lagrangian based formalism, one has a little more: one presents a total and detailed
structure of a conserved current including the structure of the energy-momentum tensor. It
is quite natural because from the start the Lagrangian based method has been suggested
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for describing local characteristics for perturbations propagating on a given background. Of
course, on the vacuum background and after choosing Killing vectors we get the ADT form.
Sixth, both the Lagrangian based expressions (in the case of vacuum backgrounds and
Killing vectors) and the ADT expressions for the charges are gauge invariant up to boundary
terms only, which can vanish or not for different boundary conditions, see chapters 3 and
9 in the book [20], respectively. Recently, this situation is remedied, and explicitly gauge-
invariant conserved quantities are obtained in GR [58] and in a generic theory [59].
Now we return to a discussion of the results of the present paper themselves. Our
technique essentially is based on using the auxiliary Lagrangians L1 of the type (4.1) that
can be related the Lovelock theory only, see the first paragraph of section 4. Of course,
for arbitrary higher curvature gravity theories in D dimensions, like quadratic gravity, see
[27,28], or the f(R) theory, see [29], etc., application of the Lagrangian based field-theoretical
method is possible. However the remarkable properties of the expressions (5.10) and (5.13)
is destroyed. Indeed, for more complicated theories the right hand side of (4.1) can depend
on even fourth derivatives of the background metric. Then one needs significantly more
complicated Klien-Noether systems of identities than (3.18) - (3.21), and, in this case, just
the quantity, like (3.25), is not enough to describe the system.
Finally, let us discuss possibility of choosing an acceptable gravitational variable ha for
definite goals among various metric perturbations defined in (2.5). The difference in (2.15)
is not important for calculating conserved quantities for static solutions. Therefore we use
the definition (5.4) as a more simple one for calculations in sections 5 and 6. It was shown
in 4D GR that for a radiating isolated system a different choice of the metric perturbations
gives, see [11], different results for the Bondi-Sachs momentum [24]. Thus, it would be useful
to apply the results of the present paper with different choices of perturbations to analyze
radiating solutions in the Lovelock theory.
Of course, the listed above advantages of the presented approach can be (and must
be) applied to study solutions in the Lovelock gravity, which cannot be examined with
using other methods. In Introduction, we have remarked that the Lovelock theory is quite
popular and important now. It is the most natural generalization when one comes to higher
dimensions. Moreover, there are arguments that only a so-called pure Lovelock gravity leads
to acceptable equations in higher dimensions, see, for example, [60–62]. The pure Lovelock
gravity is presented by a one polynomial only from the sum of all the polynomials in the
total Lovelock Lagrangian.
Therefore, because there is a definite interest in the pure Lovelock gravity, in future
we plan to apply our results to study solutions of this theory obtained in [61]. The first
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one presents a collapsing inhomogeneous dust. By our opinion, it is quite interesting and
important to examine stability/instabilty of this solution. In another word, one needs to
study perturbations, their characteristics and evolution on a background of this solution
itself. Because this background is non-vacuum (with matter) our approach looks as a qiute
appropriate one to be applied. On the other hand, approaches constructed for maximally
symmetric backgrounds, like the ADT one, cannot be used in this case. The second solu-
tion in [61] presents the Vaidya-type collapsing/radiating model with light-like matter (null
dust). To understand this model deeper it is important to study densities of conserved
quantities measured by a system of observers. Our method is quite appropriate for such a
study. Indeed, first, initially the field-theoretical method has been elaborated for studying
local characteristics; second, in constructing aforementioned local densities proper vectors
of observers (which are not Killing vectors in general) have to be used. It is permissible for
our method, although other approaches, like the ADT one, use Killing vectors only.
Another useful application that could be carried out is as follows. It is noted in [60–62]
that a pure Lovelock gravity in even dimensions has properties which are very close to
those in 4-dimensional Einstein theory. Therefore, it could be interesting to represent, for
example, 6 dimensional the pure Lovelock theory to the field-theoretical form and compare
with the field-theoretical reformulation of 4 dimensional Einstein theory that already has
been developed in detail, see Chapter 2 in the book [20] and references therein.
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